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Lorentz and Galilei Invariance on Lattices
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We show that the algebraic aspects of Lie symmetries and generalized symmetries in nonrelativistic
and relativistic quantum mechanics can be preserved in linear lattice theories. The mathematical
tool for symmetry preserving discretizations on regular lattices is the umbral calculus.
PACS numbers: 03.,02.20.-a,02.30.Ks
I. INTRODUCTION.
One of the recognized difficulties in the study of
quantum systems on space–time lattices is the descrip-
tion of fundamental space–time symmetries, such as
Lorentz invariance, Galilei invariance, conformal invari-
ance, etc. The usual statement is that ”a lattice formula-
tion severely mutilates Lorentz invariance at the outset”
[1] and that continuous symmetries are only recovered in
the continuous limit of a lattice theory.
There are many reasons to consider quantum physics
on a lattice. In addition to providing a convenient tool
for obtaining quark confinement and regularizing diver-
gencies in quantum theories [2, 3, 4, 5], an elementary
length, related to the Planck scale lP =
√
~k = 10−33cm,
may actually exist. Indeed, this is consistent with sev-
eral approaches to quantum gravity [6, 7, 8, 9]. Quali-
tative arguments support the idea that gravity may pro-
vide a natural cut-off in the integration of virtual loops
in the UV regime of field theories. They also imply a
discrete structure of the space–time geometry, since dis-
tances smaller than lP could not be attainable, due to
the formation of black holes event horizons. A funda-
mental discreteness in quantum gravity also furnishes an
explanation of why the Bekenstein–Hawking entropy of
black holes is finite [6]. In the last years, several new ap-
proaches have been proposed to the discretization of field
theories and Hamiltonian gravity [10, 11, 12, 13, 14, 15]
(see also [16, 17, 18] for a discussion of their phenomeno-
logical consequences).
Discrete versions of nonrelativistic quantum mechan-
ics have also been introduced by several authors [19, 20],
and the problem of quantization of space–time has
been treated both in noncommutative and discrete back-
grounds (see [21], [9] and references therein). An im-
portant issue is to understand the role of Lorentz in-
variance in a lattice formulation of space–time geome-
try. This problem has been the object of an extensive
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literature [6, 7, 9, 12, 21, 22, 23] . Extensions of the
standard model violating Lorentz invariance have been
suggested [24]. Sensitive tests of Lorentz invariance vi-
olations and related CPT violations have been proposed
and performed [25, 26].
The aim of this article is somewhat complementary to
the above studies. Namely, we show that it is possible
to formulate physical theories on lattices in a manner
that preserves very many of the symmetry properties of
continuous theories. In particular, we demonstrate that
the existence of Lorentz and Galilei symmetry algebras
for classical linear field theories is perfectly compatible
with an intrinsically discrete space–time geometry.
The mathematical approach that we wish to apply is
the so–called ”umbral calculus”. Its modern form is due
to G. C. Rota and collaborators (see [27, 28] and also [29]
for an up–to–date review on the recent developments of
umbral calculus). The main applications of umbral cal-
culus have been in combinatorics. In this article we focus
on an application to difference equations and to an ”um-
bral correspondence”, relating algebraic properties of dif-
ference equations (on regular equally spaced lattices) to
those of differential equations. For applications in physics
and more details on the umbral calculus, see e.g. [30, 31].
For a direct difference operator approach to symmetries
of linear difference equations, see also [32, 33].
In Section 2 we give a brief review of some relevant
aspects of umbral calculus. These are then applied in
Section 3 to study symmetries of the Schro¨dinger and
Klein–Gordon equations in discrete space–time. Section
4 is devoted to integrability, superintegrability and gen-
eralized symmetries on a lattice. Some conclusions and
open problems are presented in the final Section 5.
II. THEORY OF FINITE DIFFERENCE
OPERATORS
Symmetries in quantum mechanics are expressed in
terms of linear self–adjoint operatorsXj commuting with
a Hamiltonian H . The operators Xj , as well as the
Hamiltonian itself, can be viewed as elements of the
enveloping algebra of the Heisenberg algebra {pj , xj,~},
2with the commutation relations
[pj , xk] = −i~δjk, (1)
and all other commutators vanishing.
We shall use the following aspects of the umbral cal-
culus. For each coordinate xj (including time t = x0)
we introduce a shift operator Tj, satisfying Tjf (xj) =
f (xj + σj) where σj is the lattice spacing in the direction
j. A delta operator Qj is a linear operator characterized
by two properties, namely
[Qj , Tk] = 0, Qjxk = δjk. (2)
We shall be interested in two types of delta operators.
One is the usual (continuous) derivative ∂xj , the other
are difference operators
∆j =
1
σ
m∑
k=l
ajk(Tj)
k,
m∑
k=l
ajk = 0,
m∑
k=l
kajk = 1. (3)
We can impose additional conditions on the coefficients
ajk if we have (m− l) ≥ 2. We impose
m∑
k=l
ajkk
q = 0, q = 2, 3, ...,m− l (4)
and then we shall say that the order of the operator ∆j is
m− l since it provides an approximation of order σm−l of
the continuous derivative ∂xj . For each operator ∆j of
the type (3) there exists a unique conjugate operator
βj such that the equation
[∆j , xkβk] = δjk (5)
is satisfied, namely
β−1j =
m∑
k=l
ajkk(Tj)
k. (6)
All summations are given explicitly, e.g. there is no sum-
mation over repeated indices in eq. (5) and in the rest of
this letter.
For each delta operator Q there exists a unique se-
quence of basic polynomials Pn (x) satisfying
QPn (x) = nPn−1 (x) , P0 (x) = 1,
Pn (0) = 0, n ≥ 1. (7)
In general, we have Pn (x) = (xβ)
n · 1. For example,
Q = ∂x, β = 1, Pn = x
n,
Q = ∆+ =
T − 1
σ
, β = T−1,
Pn (x) = [x]n = x (x− σ) (x− 2σ) ... (x− (n− 1)σ) ,
Q = ∆− =
1− T−1
σ
, β = T,
Pn (x) = [x]
n
= x (x+ σ) (x+ 2σ) ... (x+ (n− 1)σ) .
(8)
Our basic tool for constructing relativistic and nonrel-
ativistic linear quantum theories in discrete space–time
is the ”umbral correspondence”. In our specific case, this
is a mapping that takes
∂x → ∆x, x→ xβ. (9)
Consequently the sequence of basic polynomials Pn(x) =
xn for ∂x goes into the basic sequence for ∆x. Since
this mapping preserves the Heisenberg relations (5), it
will preserve the commutation relations between formal
power series in x and ∂x.
III. LIE SYMMETRIES IN DISCRETE
QUANTUM MECHANICS
Let us consider a linear partial differential equation of
order N on Rn,
Lu = 0, L =
n∑
j=1
N∑
k=1
akj (x)∂
k
xj . (10)
Its Lie point symmetries can be expressed in terms of
first order linear differential operators
Xa =
n∑
j=1
ξaj (x) ∂xj + φ
a(x) (11)
satisfying
[L,Xa] = λa (x)L, (12)
where λa (x) is an arbitrary function. The operators Xa
form a Lie algebra L: [Xa, Xb] = f
c
abXc.
The umbral correspondence provides us with the fol-
lowing prescription: replace all derivatives ∂xk and inde-
pendent variables xk in L and Xa by the difference op-
erators ∆xk and expressions xkβk, respectively. From
eq.(10) we obtain a difference equation LDu (xβ) = 0
and from eq.(11) a set of difference operators
XDa =
n∑
k=1
ξak (xβ)∆xk + φ
a (xβ) (13)
that commute with LD on its solution set and that realize
a Lie algebra isomorphic to L.
What is given up in this approach are the global as-
pects of point symmetries. Vector fields corresponding
3to differential operators of the form (11) can be inte-
grated to provide global, or at least local (finite) group
transformations. This is no longer true for the difference
operators (13). For this reason we are, in the present ar-
ticle, always considering Lie algebras and their represen-
tations, rather than Lie groups. In this sense, the ”dis-
crete” point symmetries (13) are similar to generalized
symmetries (22) given by higher order operators. These
do not provide (local) group transformations even in the
continuous limit. However we can still use the symme-
tries (13) to perform symmetry reduction and possibly
implement separation of variables.
Let us now apply this result to discrete quantum me-
chanics. As a first example, consider a free nonrelativistic
particle. The discrete time dependent Schro¨dinger equa-
tion is
LD0 ψ = 0, L
D
0 = i∆t −
1
2
n∑
k=1
(∆xk)
2
. (14)
Let us impose the commutation relations (12) between
LD0 and X
D
a of eq. (13). We obtain a set of d =(
n2 + 3n+ 10
)
/2 linear difference operators, satisfying
the commutation relations of the Schro¨dinger algebra
sch (n) [34]. A basis for this Lie algebra is given by the
following difference operators (we drop the superscript
D)
P0 = ∆t, Pk = ∆xk , Ljk = (xjβj)∆xk − (xkβk)∆xj ,
Bk = (tβt)∆xk −
i
2
(xkβk) ,
D = 2 (tβt)∆t +
n∑
k=1
(xkβk)∆xk +
1
2
,
C = (tβt)
2
∆t +
n∑
k=1
(tβt) (xkβk)∆xk+
+
1
2
(tβt)− in
4
n∑
k=1
(xkβk)
2
, (15)
W = i, M = 1. (16)
In the continuous case, these operators correspond to
translations, rotations, Galilei transformations, dilations
(D), ”expansions” (C), the possibility of changing the
phase of the wave function (W ) and the norm of the
wave function (M). We mention that the transforma-
tions corresponding to M and C change the norm of the
wave function and should hence be excluded for physical
reasons. However, the operator C itself can be useful. It
can be diagonalized together with the Hamiltonian. This
will provide quantum numbers and facilitate the calcula-
tions of wave functions. The point is that the Lie algebra
can be extremely useful, even if the corresponding group
transformations may be disallowed for other reasons, or,
e.g. in the discrete case, may not exist at all. In the
discrete case, the difference operators in (15) do not gen-
erate point transformations. They all act at least at two
points, more points if they involve the operators β. We
shall call them ”generalized point symmetries”. The alge-
bra (15), (16) could have been obtained directly from the
standard realization [34], via the umbral correspondence.
By way of an example, let us write the explicit ex-
pression of the operator of angular momentum for some
choices of the operators ∆ and β. If ∆ = ∆+ then
β = T−1, and correspondingly
Ljk = xj∆
−
xk − xk∆−xj (17)
since T−1∆+ = ∆−. If ∆ = ∆−, β = T and we obtain
Ljk = xj∆
+
xk − xk∆+xj . (18)
The presence of a potential in the discrete Schro¨dinger
equation (14) will break the symmetry, just as in the
continuous case. However, if the potential is obtained
in a manner consistent with umbral calculus, there will
exist a subalgebra of the symmetry algebra of the dis-
crete equation which is isomorphic to that of the con-
tinuous one. For instance, consider the Schro¨dinger
equation (14) with the potential V = V (ρ̂), ρ̂ =[
(x1β1)
2
+ ...+ (xnβn)
2
]1/2
. The operator LD = LD0 +
V (ρ̂) will commute with a subalgebra of sch (n), namely
{P0, Lik,W}, just as in the continuous case. We mention
that if V (ρ̂) is not a polynomial in ρ̂2, then it should be
interpreted as a formal power series in x1β1, ..., xnβn
V =
∞∑
j1,...jn=0
αj1,...jn(x1β1)
j1 . . . (xnβn)
jn .
As a further example, let us consider a free relativistic
particle with spin s = 0, and mass m > 0. The discrete
Klein–Gordon equation is
(D −m)ϕ = 0, D = (∆x0)2 −
n∑
k=1
(∆xk)
2 . (19)
On the solution set of eq. (19) the operator (D −m)
commutes with the difference operators
P0 = ∆x0 , Pj = ∆xj , Ljk = (xjβj)∆xk − (xkβk)∆xj ,
L0k = (x0β0)∆xk + (xkβk)∆x0 . (20)
These operators provide a realization of the Lie algebra
of the Poincare´ group. For massless particles (m = 0) we
would obtain a ”discrete” realization of the conformal Lie
algebra o (n+ 1, 2)
4IV. INTEGRABILITY AND
SUPERINTEGRABILITY ON A LATTICE
In (continuous) nonrelativistic quantum mechanics on
R
n a system is completely integrable if there exists a set
of n self–adjoint differential operators {X1, ..., Xn}, in-
cluding the Hamiltonian H , that are algebraically inde-
pendent and commute amongst each other. The system
is superintegrable if some further independent operators
Ya exist that commute with the Hamiltonian (but not
with all operators Xj). If a system is integrable, its
wave functions can be described by a complete set of
n quantum numbers (the eigenvalues of X1, ..., Xn). If
it is superintegrable, its energy levels will be degenerate
(like those of the Coulomb atom, or the harmonic oscilla-
tor). If the operatorsXj are polynomials in the momenta
and coordinates, or at least formal power series, then the
umbral correspondence takes an integrable or superinte-
grable system from continuous into discrete space.
As an example, let us consider the generalized isotropic
harmonic oscillator (a harmonic oscillator plus inverse
squared terms) [35]. Its discrete version is given by the
Hamiltonian
HD = −1
2
3∑
k=1
(∆xk)
2
+
ω2
2
[
3∑
k=1
(xkβk)
2
]
+
+
1
2
3∑
k=1
Ak (xkβk)
−2
. (21)
Inverse monomials of the type (xβ)−n are well defined
finite objects. For instance, (xβ)
−2
= (xβ)
−1
(xβ)
−1
and
(xβ)
−1
= β−1x−1. A similar discretization was proposed
in Ref. [36] using the Fock space formalism. The corre-
sponding 5 independent operators commuting with HD
can be chosen to be
Xa = (∆xa)
2 − ω2 (xaβa)2 −A2a (xaβa)−2 , a = 1, .., 3,
Y1 = L
2
12 +L
2
23 +L
2
31 −
(
3∑
k=1
(xkβk)
2
)
3∑
k=1
Ak (xkβk)
−2
,
Y2 = L
2
12 −
(
2∑
k=1
(xkβk)
2
)
2∑
k=1
Ak (xkβk)
−2
. (22)
This system, and its n–dimensional generalization is
maximally superintegrable. It allows 2n − 1 (= 5) inde-
pendent integrals of motion, all of them second order in
the momenta. This holds both in the continuous, and in
the discrete case.
Second and higher order operators commuting with the
Hamiltonian, like those in eq. (22), are examples of gen-
eralized Lie symmetries in both discrete and continuous
quantum mechanics [37].
V. CONCLUSIONS
We have shown that umbral calculus makes it possible
to transfer all algebraic features of symmetry theory from
continuous space–time to a discrete one. Since the sym-
metry algebras of continuous and discrete linear systems
are isomorphic, this allows us to apply the standard tools
of (abstract) Lie algebra representation theory to discrete
quantum mechanics. For instance, a free relativistic par-
ticle in discrete space–time can be described by solutions
of relativistic difference equations, or alternatively, by ir-
reducible representations of the Poincare´ Lie algebra. In
particular, such basic characteristics as the particle mass
and spin still have the standard interpretation as eigen-
values of the Casimir operators of the Poincare´ algebra
in a given irreducible representation.
An important question is that of the spectra of
difference operators in discrete quantum mechanics.
For simplicity, consider the one–dimensional discrete
Schro¨dinger equation[
−1
2
(∆x)
2
+ V (xβ)
]
ψD (x) = EψD (x) . (23)
Here ψD is assumed to belong to a Hilbert space l2 of
square summable functions on a lattice. Let us assume
that in the continuous limit the Schro¨dinger equation has
an eigenfunction (for the given value of E), that can be
expanded into a formal power series ψ (x) =
∑∞
n=0Anx
n.
Then the difference equation (23) will, for the same en-
ergy E, have the formal solution
ψD =
∞∑
n=0
AnPn (x) , (24)
where Pn (x) are the basic polynomials corresponding to
∆x. We call a solution of the type (24) an ”umbral so-
lution”. In general, the umbral solutions admitted by a
linear difference equation are obtained from the solutions
of its continuous limit (when it exists) via the umbral
correspondence.
Physics in a discrete world can be richer than in a
continuous one. Thus, in addition to umbral solutions,
difference equations can have additional solutions that
cannot be expanded into a formal power series and do not
have a continuous limit. They appear when the order of
the discrete derivatives involved in a difference equation
is greater than one. For example in the case when the
delta operator Q is represented by a symmetric discrete
derivative
Q = ∆s =
T − T−1
2σ
, βs =
(
T + T−1
2
)−1
we have extra solutions [30]. An analogous phenomenon
has been observed in discrete models of general relativity
[15]. By the same token, the determining equations for
symmetries in the discrete case can have ”non–umbral”
5solutions and hence additional ”purely discrete” Lie sym-
metries may exist. Furthermore, the representation the-
ory of Lie algebras is richer than that of Lie groups, since
representations exist that cannot be integrated to repre-
sentations of groups.
A discussion of the functional analysis aspects of um-
bral calculus in quantum theory is beyond the scope of
the present article. This includes questions like the con-
vergence of the formal power series used, the relevant
measures for imposing square–integrability and the uni-
tarity of representations of the corresponding Lie alge-
bras. In particular, an interesting question is how the
spectra of quantum systems are influenced by the pro-
posed discretization procedure. It is clear that, if A is
a self–adjoint (bounded or unbounded) operator on the
Hilbert space l2, then the operator U(t) = e
iAt is a uni-
tary operator satisfying U(t+ s) = U(t)U(s) and gener-
ating a strongly continuous one parameter unitary group.
Therefore, the quantum–mechanical evolution of a state
ψ is given by ψ(t) = U(t)ψ(t0). Nevertheless, as pointed
out in [31], the self–adjointness properties of quantum
Hamiltonians are not automatically preserved on a lat-
tice. Rather, the discrete analog of a self–adjoint Hamil-
tonian may have many different self–adjoint extensions
on the lattice, each of them describing a different physics.
In such situations, an open problem deserving further in-
vestigation is how to determine unambiguously the spec-
tral properties of discrete Hamiltonians by a choice of
suitable physical constraints on the lattice.
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